Abstract. Let M be any compact simply-connected d-dimensional smooth manifold and let F be any field. We show that the Gerstenhaber algebra structure on the Hochschild cohomology on the singular cochains of M , HH * (S * (M ); S * (M )), extends to a BatalinVilkovisky algebra. Such Batalin-Vilkovisky algebra was conjecturated to exist and is expected to be isomorphic to the BatalinVilkovisky algebra on the free loop space homology on M , H * +d (LM ) introduced by Chas and Sullivan. We also show that the negative cyclic cohomology HC * − (S * (M )) has a Lie bracket. Such Lie bracket is expected to coincide with the Chas-Sullivan string bracket on the equivariant homology H S 1 * (LM ).
Introduction
Except where specified, we work over an arbitrary field F. Let M be a compact oriented d-dimensional smooth manifold. Denote by LM := map(S 1 , M) the free loop space on M. Chas and Sullivan [1] have shown that the shifted free loop homology H * +d (LM) has a structure of Batalin-Vilkovisky algebra (Definition 7). In particular, they showed that H * +d (LM) is a Gerstenhaber algebra (Definition 6). On the other hand, let A be a differential graded algebra. The Hochschild cohomology of A with coefficients in A, HH * (A; A) is a Gerstenhaber algebra. These two Gerstenhaber algebras are expected to be related: Félix, Thomas and Vigué-Poirrier [13, Appendix] proved that there is a linear isomorphism of lower degree d (2) D :
is a morphism of graded algebras.
Notice that Conjecture 4 implies that the composite D • J is an isomorphism of Batalin-Vilkovisky algebras between the Chas-Sullivan Batalin-Vilkovisky algebra and the Batalin-Vilkovisky algebra defined by Theorem 21. Therefore Conjecture 4 implies Conjecture 1.
Cohen and Jones [4, Theorem 3] have an isomorphism of algebras
But we don't understand its definition even with [3] , which "fills in details the proof of [4, Theorem 3] ". Over the reals or over the rationals, two proofs of such an isomorphism of graded algebras have been given by Merkulov [25] and Félix, Thomas, Vigué-Poirrier [14] . Theorem 21 comes from a general result (Propositions 10 and 11) who shows that the Hochschild cohomology HH * (A; A) of a differential graded algebra A which is a "homotopy symmetric algebra", is a Batalin-Vilkovisky algebra. As second application of this general result, we recover the following theorem due to Thomas This theorem has been reproved and extended by many people [24, 20, 28, 5, 21, 22, 18, 8] (in chronological order). The last proof, the proof of Eu et Schedler [8] looks similar to ours.
Thomas Tradler gave a somehow complicated proof of the previous theorem (Corollary 18). Indeed, his goal was to prove our main theorem (Theorem 21). In [29] or in [27] , Tradler and Zeinalian proved Theorem 21 but only over a field of characteristic 0 [29, "rational simplicial chain" in the abstract] or [27, Beginning of 3.1]. Costello's paper [5] is also over a field of characteristic 0.
Over Q, we explain how to put a Batalin-Vilkovisky algebra structure on HH * (S * (M; Q); S * (M; Q)) (Corollary 19) from a slight generalisation of Corollary 18 (Theorem 17). In fact both Félix, Thomas [12] and Chen [2, Theorem 5.4] proved that the Chas-Sullivan BatalinVilkovisky algebra H p+d (LM; Q) is isomorphic to the Batalin-Vilkovisky algebra given by Corollary 19.
Finally, remark, that, over Q, when the manifold M is formal, a consequence of Félix and Thomas work [12] , is that H p+d (LM) is always isomorphic to the Batalin-Vilkovisky algebra HH
given by Corollary 18 applied to symmetric algebra H * (M). Over F 2 , in [23] , we showed that this is not the case. The present paper seems to explain why:
The Batalin-Vilkovisky algebra on HH * (S * (M); S * (M)) given by Theorem 21 depends of course of the algebra S * (M) but also of a fundamental class [m] ∈ HH * (S * (M); S * (M) ∨ ) which seems hard to compute. This fundamental class [m] involves chain homotopies for the commutativity of the algebra S * (M). The Batalin-Vilkovisky algebra on HH * (S * (M; Q); S * (M; Q)) given by Corollary 19, depends of -a commutative algebra, Sullivan's cochain algebra of polynomial differential forms A P L (M) [10] , -and of the fundamental class
We wish to thank Jean-Claude Thomas for a discussion concerning Ginzburg's preprint [17] . We would like also to thank Yves Félix for explaining us the wonderful isomorphism (2).
Hochschild homology and cohomology
Let A be a differential graded algebra. Denote by sA the suspension of A, (sA) i = A i−1 . Let d 1 be the differential on the tensor product of complexes A ⊗ T (sA) ⊗ A. We denote the tensor product of the elements a ∈ A, sa 1 ∈ sA, . . . , sa k ∈ sA and b ∈ A by a[a 1 | · · · |a k ]b. Let d 2 be the differential on the graded module A ⊗ T (sA) ⊗ A defined by:
Here 
The Hochschild homology is the homology of the Hochschild chain complex: HH * (A; A) := H(C(A; A)).
Let M be a differential graded (A, A)-bimodule. The Hochschild cochain complex of A with coefficients in M is the complex
= 0, and for k ≥ 1 and f ∈ Hom(T (sA), M), we have:
and
where
The Hochschild cohomology of A with coefficients in M is
Since and the Hochschild cohomology is
where the latter denotes the differential "Ext" in the sense of J.C. Moore (cf [9, Appendix] ). Gerstenhaber proved that the Hochschild cohomology of A with coefficients in A, HH * (A; A), is a Gerstenhaber algebra [16] .
Definition 6. A Gerstenhaber algebra is a commutative graded algebra A equipped with a linear map {−, −} : A ⊗ A → A of degree 1 such that: a) the bracket {−, −} gives A a structure of graded Lie algebra of degree 1. This means that for each a, b and c ∈ A {a, b} = −(−1) (|a|+1)(|b|+1) {b, a} and {a, {b, c}} = {{a, b}, c} + (−1) (|a|+1)(|b|+1) {b, {a, c}}. b) the product and the Lie bracket satisfy the following relation called the Poisson relation:
In this paper, we show that for some algebras A, the Gerstenhaber algebra structure of HH * (A; A) extends to a Batalin-Vilkovisky algebra.
Definition 7. A Batalin-Vilkovisky algebra is a Gerstenhaber algebra
A equipped with a degree 1 linear map ∆ :
for a and b ∈ A.
3. The isomorphism between HH * (A; A) and HH * (A; A ∨ )
In this section, we first present a method that gives an isomorphism between the Hochschild cohomology of A with coefficients in A, HH * (A; A) and the Hochschild cohomology of A with coefficients in the dual A ∨ , HH * (A; A ∨ ). This method is a generalisation of the method used by Félix, Thomas and Vigué-Poirrier to obtain the isomorphism (2). Then we show that this isomorphism looks like a Poincaré duality isomorphism: this isomorphism is given by the action of the algebra HH * (A; A) on a fundamental class [m] ∈ HH * (A; A ∨ ). Let us first recall the definition of the action of HH * (A; A) on HH * (A; A ∨ ). Let A be a (differential graded) algebra. Let M and N two A-bimodules.
This define a natural morphism of complexes
Therefore, in homology, we have a natural morphism
Take A = M, and use the isomorphism of
The composite
is a left action of C * (A, A) on C * (A, N). In the particular case, A = M = N, this composite is the usual cup product on C * (A, A) denoted ∪.
Denote by A ∨ the dual of A. Suppose from now that the algebra A has a unit η : k → A. Then we have a natural map
is an isomorphism. Then the action of HH
is equal to the following composite of
where i 1 : A ֒→ A ⊗ A op is the inclusion of the first factor. Therefore, HH * (η, A ∨ ) is the map induced in homology by the composite
where ev(1 A ) is the evaluation at the unit 1 A ∈ A. This composite maps the cycle m ∈ Hom A⊗A op (P,
∨ is also a quasi-isomorphism. By applying the functor Hom A⊗A op (P, −) to the two quasi-isomorphisms of A-bimodules
we obtain the quasi-isomorphism of complexes
By applying homology, we get the desired isomorphism, since the action of HH * (A, A) on HH * (A, A ∨ ) is induced by the composition map
Alternatively, the two isomorphisms
maps the unit ε A of to id P : P → P and then to m. They are morphisms of HH * (A, A)-modules since
is natural with respect to N.
Batalin-Vilkovisky algebra structures on Hochschild cohomology
In this section, we explain when an isomorphism HH * (A; A) ∼ = HH * (A; A ∨ ) gives a Batalin-Vilkovisky algebra structure on the Gerstenhaber algebra HH * (A; A). Our proof relies on the proof of a similar result due to Ginzburg [17, Theorem 3.4.3 (ii) ]. Ginzburg basically explains when an isomorphism HH * (A; A) ∼ = HH * (A; A) gives a BatalinVilkovisky algebra structure on HH * (A; A). Denote by B Connes boundary in the Hochschild complex C * (A; A) and by
We prove:
is a Batalin-Vilkovisky algebra.
As we will see Proposition 11 is almost the dual of the following Proposition due to Victor Ginzburg. Recall first that the Hochschild cohomology of a (differential graded) algebra, acts on its Hochschild homology (8) is replaced by the more general relation
Proof of Proposition 12.
By definition the ∆ operator on HH * (A; A) is given by (∆a).c := B(a.c) for any a ∈ HH * (A; A). Therefore the proposition follows from the following Lemma due to Victor Ginzburg.
Lemma 14.
[17, formula (9.3.2)] Let A be a differential graded algebra. For any η, ξ ∈ HH * (A; A) and c ∈ HH * (A; A),
Proof. Let us recall the proof of Victor Ginzburg. Denote by 
By applying this equality of operators to c, we obtain the Lemma.
We now prove the following Lemma which is the dual of Lemma 14.
Lemma 15. Let A be a differential graded algebra. For any η, ξ ∈ HH * (A; A) and m ∈ HH * (A; A ∨ ),
Proof. The action of HH * (A; A) on HH * (A; A) comes from a (right) action of the C * (A; A) on C * (A; A) given by
Therefore C * (A; A) acts on the left on the dual C * (A; A) ∨ . Explicitly, the action is given by
Through the canonical isomorphism C(A; 
by exchanging ξ and η,
Therefore by evaluating the linear form m on the terms of the equation given by Lemma 14, we obtain the desired equality.
Remark 16. The equality in Lemma 15 is the same as the equality in Lemma 14. In fact, alternatively, to prove Lemma 15, we could have proved that the Gerstenhaber algebra HH * (A; A) and the dual of Connes boundary map B ∨ on HH * (A; A ∨ ) form a calculus. Indeed, in the proof of Lemma 14, we have remarked that the desired equality holds for any calculus.
Proof of Proposition 11. By definition the ∆ operator on HH
* (A; A) is given by (∆a).m := B ∨ (a.m) for any a ∈ HH * (A; A). Therefore the proposition follows from Lemma 15.
Applications
As first application of Proposition 11, we show In representation theory [7] , an (ungraded) algebra A is symmetric if A is equipped with an isomorphism of A-bimodules Θ : A 
coincides with the morphism of left HH * (A; A)-modules
By definition of m, this composite is also HH * (A, Θ). Denote by by ε BA : T sA ։ k the canonical projection whose kernel is T + sA. Since ε A : B(A; A; A) ։ A is the composite of A ⊗ ε BA ⊗ A and of the multiplication on A 
Connes boundary map B : C * (A; A) → C * (A; A) factorizes through
Therefore, we can apply Proposition 11
Remark: In the case of Corollary 18, m correspond to a trace Θ(1)
Working, with rational coefficients, we easily obtain Corollary 19. [29] The Hochschild cohomology
Tradler and Zeinalian [29] give a proof of this result. Here is a shorter proof, although we don't claim that we have obtained the same Batalin-Vilkovisky algebra. It should not be difficult to see that the Batalin-Vilkovisky algebra given by Corollary 19 coincides with the Batalin-Vilkovisky algebra given by our main theorem (Theorem 21) in the case of the field Q. Therefore, one could deduce Corollary 19 from Theorem 21. But it is much more simple to give a separate proof of Corollary 19. As we would like to emphasize in this paper, the rational case is much more simple than the case of a field F of characteristic p different from 0.
Proof of Corollary 19. Since we are working over Q, there exists quasiisomorphisms of algebras [10, Corollary 10.10 
Since the Gerstenhaber algebra structure on Hochschild cohomology is preserves by quasi-isomorphism of algebras [11, Theorem 3] , we obtain an isomorphism of Gerstenhaber algebras
By applying Theorem 17, we obtain that
In [12] and [2, Theorem 5.4] , it is shown that the Batalin-Vilkovisky algebra H p+d (LM; Q) of Chas and Sullivan is isomorphic to the BatalinVilkovisky algebra on
given 
As second application of Propositions 10 and 11, we will recover the isomorphism of Félix, Thomas and Vigué-Poirrier and prove our main theorem:
2) The Gerstenhaber algebra structure on HH * (S * (M); S * (M)) and Connes coboundary map
Here s denotes s : M ֒→ LM the inclusion of the constant loops into LM. Recall that J :
is the morphism introduced by Jones in [19] . If M is supposed to be simply connected, then J is an isomorphism.
Proof of Theorem 20 and of Theorem 21.
We first follow basically [13, Appendix] . Denote by ev : LM ։ LM, l → l(0) the evaluation map. The morphism J of Jones fits into the commutative triangle.
Since s is a section of the evaluation map ev, J • H * (s) is a section of
. By Poincaré duality, the composite of the two morphisms of H * (M)-module
is an isomorphism of lower degree d. Therefore by applying Proposition 10 to
, we obtain Theorem 20 and part 1) of Theorem 21. Consider M equipped with the trivial S 1 -action. The section s :
)) = 0, by applying Proposition 11, we obtain part 2) of Theorem 21.
respects the units of the algebras. We conjecture (Conjecture 4) that D • J respects also the products.
cyclic homology
In this section, we prove If M is simply-connected, Jones [19] proved that there is an isomorphism H
In [1] , Chas and Sullivan defined a Lie bracket, called the string bracket Remark that in fact, these graded Lie algebra structures extend to Lie ∞ -algebra structures like the Chas-Sullivan string bracket [1, Theorem 6.2 and Corollary 6.3].
Chas-Sullivan string bracket is defined using Gysin long exact sequence. The bracket given by Corollary 23 is defined similarly using Connes long exact sequence. Jones [19] proved that Gysin and Connes long exact sequences are isomorphic. Therefore Conjecture 4 implies Conjecture 24, since as we explained in the introduction, Conjecture 4 implies that the Jones isomorphism
is an isomorphism of Batalin-Vilkovisky algebras.
